A generalized scheme for phase-conjugate resonant 2n-wave mixing, which has a high efficiency and is easy for phase matching, is proposed. As a new type of coherent laser spectroscopy this approach can be employed for studying highly excited atomic states or states with a high angular momentum. To demonstrate its feasibility we have studied the doubly excited autoionizing Rydberg states of Ba by phase-conjugate six-wave mixing, and have furthermore achieved eight-wave mixing in Na. This method may find wide application in related areas such as coherent transient spectroscopy, Autler-Townes spectroscopy and electromagnetically induced transparency. In particular, it may provide new insights into the nature of highly excited states. DOI: 10.1103/PhysRevLett.97.193904 PACS numbers: 42.65.ÿk, 32.80.Rm, 42.50.Hz The physics of wave-mixing interactions has been a subject of intense research activity for the past few decades. Various types of nonlinear spectroscopy based on wave mixing are capable of addressing dynamic information related to the structure of matter because the nonlinear susceptibility exhibits resonances at the natural frequencies of the medium [1] . Recently, various resonanceenhanced nondegenerate four-wave mixing (FWM) schemes have been developed by our group [2 -5]. For example, Rayleigh-type nondegenerate FWM [4], which can be employed for the measurement of ultrafast longitudinal relaxation time in the frequency domain, has been demonstrated. We have also studied a new type of twophoton resonant FWM in a dressed atomic system [5] . This process provides a spectroscopic tool for measuring not only the resonant frequency and dephasing rate but also the transition dipole moment between two highly excited atomic states.
The physics of wave-mixing interactions has been a subject of intense research activity for the past few decades. Various types of nonlinear spectroscopy based on wave mixing are capable of addressing dynamic information related to the structure of matter because the nonlinear susceptibility exhibits resonances at the natural frequencies of the medium [1] . Recently, various resonanceenhanced nondegenerate four-wave mixing (FWM) schemes have been developed by our group [2 -5] . For example, Rayleigh-type nondegenerate FWM [4] , which can be employed for the measurement of ultrafast longitudinal relaxation time in the frequency domain, has been demonstrated. We have also studied a new type of twophoton resonant FWM in a dressed atomic system [5] . This process provides a spectroscopic tool for measuring not only the resonant frequency and dephasing rate but also the transition dipole moment between two highly excited atomic states.
Higher-order wave-mixing effects have been observed in several experiments [6 -10] . However, one of the difficulties encountered is that as the order of the nonlinearity increases, more complex beam geometries are usually required to satisfy the phase-matching conditions. Moreover, the nonlinear signal decreases by several orders of magnitude with an increase in the order of nonlinearity of the interaction. In this Letter we shall report for the first time a generalized scheme for resonant 2n-wave mixing in (n 1)-level systems with phase-conjugate geometry. Similar to the corresponding nondegenerate FWM technique we developed, the phase-matching conditions are not so stringent and can be achieved over a very wide frequency range from many hundreds to thousands of cm ÿ1 [4, 5] . Moreover, due to the multiple resonance with the atomic transition frequencies, the 2n-wave mixing signal will be enhanced tremendously.
Since this technique involves n-photon resonant excitation we can study highly excited states with high sensitivity by purely optical means. Here we shall investigate the doubly excited autoionizing Rydberg states of Ba by phase-conjugate six-wave mixing. Previously, these types of experiments were usually performed in atomic beams, where the resulting electrons or ions from the decay of autoionizing states were detected [11] [12] [13] [14] [15] . The methods used probed the populations of the autoionizing states. By contrast, resonant 2n-wave mixing is a type of coherent laser spectroscopy, where coherence between the ground and autoionizing states is involved. As a result, it is possible to investigate dephasing of this coherence. We shall also demonstrate that even higher-order wave mixing can be observed easily by performing eight-wave mixing in sodium. Let us consider a cascade (n 1)-level system [ Fig. 1(a) ], where states between ji ÿ 1i and jii are coupled by a dipolar transition with resonant frequency i and dipole moment matrix element i . As shown in Fig. 1(b) , beams n and n 0 have the same frequency ! n and a small angle exists between them. Beams 2, 3 to n ÿ 1 with frequencies ! 2 , ! 3 to ! nÿ1 , respectively, propagate along the direction of beam n, while beam 1 with frequency ! 1 propagates along the opposite direction of beam n. Assume that ! i ' i so that ! i drives the transition from ji ÿ 1i to jii. The simultaneous interactions of atoms with beams 1, 2 to n will induce atomic coherence between j0i and jni through resonant n-photon transition. This n-photon coherence is then probed by beams n 0 , n ÿ 1 to 2, and as a result a 2n-wave mixing signal of frequency ! 1 is generated almost opposite to the direction of beam n 0 . Let the detunings be represented by i i ÿ ! i , so after a canonical transformation the effective Hamiltonian is
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Here, E i " i e ik i r (i 1 to n ÿ 1) and E n " n e ik n r " 0 n e ik 0 n r are the complex incident laser fields; k i and k 0 n are the wave vectors of beams i and n 0 , respectively. The nonlinear polarization responsible for the 2n-wave mixing signal is proportional to the off-diagonal density matrix element 10 , which can be obtained from the density matrix equations with relaxation terms properly included
Assuming that the incident fields are weak so that the perturbation theory is applicable, the 2n-wave mixing can be described by the following perturbation chain:
. We obtain
where G i i " i =@ and G 0 n n " 0 n =@ are the coupling coefficients; ÿ i0 is the transverse relaxation rate between states jii and j0i. The 2n-wave mixing signal intensity is proportional to j 2nÿ1 10 rj 2 . According to Eq. (3), the transverse relaxation rate ÿ n0 can be deduced if we scan ! n while keeping ! 1 to ! nÿ1 fixed.
The peculiarity of this technique is that although 2n-wave mixing involves n 1 incident beams with n different frequencies, the phase-matching condition depends only on beams 1, n, and n 0 with two frequencies ! 1 and ! n involved. Specifically, according to Eq. (3) the 2n-wave mixing signal propagates along the direction k 1 k n ÿ k 0 n . This can be understood from the viewpoint of energy and momentum conservation. As shown in Fig. 1(a) , the frequency of the 2n-wave mixing
It is worth mentioning that there also exists lower order wave mixing in the process. However, all these signals propagate along the direction k 1 so they can be resolved spatially from the 2n-wave mixing signal. For example, conservation of energy for the 2n ÿ 1-wave mixing implies
We first set up an experiment to demonstrate fourphoton resonant eight-wave mixing in Na, where the states 3S 1=2 (j0i), 3P 1=2 (j1i), 5S 1=2 (j2i), 3P 3=2 (j3i), and 4D (j4i) form a folded five-level system [ Fig. 2(a) ]. Here, Na was chosen simply because of its convenient resonant frequencies. The Na vapor was contained in a stainless steel heat pipe at a temperature around 230 C with an argon buffer gas pressure of 1 torr. Four dye lasers L1, L2, L3, and L4, which were pumped by the second harmonics of a QuantaRay Nd:YAG laser, had a linewidth of 0.007 nm and pulse width 5 ns. All the incident beams were linearly polarized in the same direction. They were focused to spots approximately 2.0 mm in diameter. The lasers L1, L2, and L3, which had wavelengths of 589.6, 615.4, and 616.1 nm, were used to drive the transitions from 3S 1=2 to 3P 1=2 , from 3P 1=2 to 5S 1=2 and from 5S 1=2 to 3P 3=2 , respectively. On the other hand, the laser L4 was split at the beam splitter into beams 4 and 4 0 , which then intersected in the PRL to 4D (568.8 nm) . To avoid strong absorption at the resonant frequency of the transition 3S 1=2 -3P 1=2 , the wavelength of L1 was detuned from the exact resonance by 0.06 nm. Figure 2(b) presents the eight-wave mixing signal intensity as a function of 4 when ! 1 , ! 2 , and ! 3 are on resonance. Here the energies of beams 1, 2, 3, 4, and 4 0 are 1 J, 0.05 mJ, 0.07 mJ, 0.12 mJ, and 0.07 mJ, respectively. Through theoretical fitting (solid curve) we obtain the dephasing rate ÿ 30 0:4 cm ÿ1 , which is mainly due to the laser linewidths.
One important application of 2n-wave mixing is that it can be employed as a spectroscopic tool to study highly excited atomic states with high sensitivity. In the following, we report six-wave mixing experiments in Ba, where the ground state 6s 2 (j0i), the intermediate state 6s6p (j1i), the Rydberg state 6snd (j2i) and the doubly excited autoionizing Rydberg state 6pn 0 d (j3i) form a cascade four-level system. The Ba vapor was at a temperature around 660 C with an argon buffer gas pressure of 1 torr. We first tuned the frequencies ! 1 and ! 2 to the resonances of the transitions 6s 21 S 0 -6s6p 1 P 1 (553.5 nm) and 6s6p
1 P 1 -6s17d 1 D 2 (427 nm), respectively, and scanned ! 3 over a wide frequency region with wavelengths from 442 to 463 nm. Here again the wavelength of L1 was detuned from exact resonance by 0.06 nm. The results presented in Fig. 3(a) show a series of resonant lines, which are independent of beam 2 of frequency ! 2 . These lines originate from the two-photon resonant FWM in the 6s 21 S 0 -6s6p 1 P 1 -6snd (6sns) cascade three-level system with beams 1, 3, and 3 0 as incident beams. As we increased the sensitivity by increasing the incident laser intensities, including now beam 2, a very broad line accompanied by several asymmetric narrower lines appeared [lower curve in Fig. 3(b) ]. Here the energies of beams 1, 2, 3, and 3 0 are 1 J, 0.06 mJ, 0.03 mJ, and 0.01 mJ, respectively. To verify that these lines were due to the six-wave mixing, we first fixed ! 3 and scanned ! 2 . Figure 3(c) presents the result when ! 3 is fixed to the frequency shown by the arrow in Fig. 3(b) . It exhibits a resonant line at a frequency corresponding to the transition from 6s6p 1 P 1 to 6s17d 1 D 2 . We then performed dressed-atom two-photon resonant FWM [5] in the 6s 21 S 0 -6s6p 1 P 1 -6s17d 1 D 2 cascade three-level system with a strong coupling field of frequency ! 3 driving the transition 6s17d 1 D 2 -6p 3=2 17d. As demonstrated in Ref. [5] , at exact two-photon resonance the presence of the coupling field suppresses the FWM signal. This can be seen from the upper curve in Fig. 3(b) which has a dip with a broad linewidth also. Comparing the two spectra in Fig. 3(b) , we conclude that the broad line in the six-wave mixing spectrum (lower curve) manifests the autoionizing Rydberg state 6p 3=2 17d, where the line shape is broadened due to the depletion broadening of autoionizing states at high power [16] . On the other hand, the asymmetric narrow lines correspond to the transitions 6s17d 1 D 2 -6p 3=2 nd with n Þ 17, as marked in the figure. It is worth mentioning that, in the excitation of autoionizing states 6pnd, the Rydberg outer electron is basically a spectator when the core electron is excited from 6s to 6p. This is the isolated core excitation (ICE) [11] . However, for the third laser which has high intensity, the Rydberg electron is in fact affected by the excitation of the core electron through the electron-electron Coulomb repulsion. As a result, the outer electron can be left in a different quantum state, giving the narrow lines in the lower curve of Fig. 3(b) . The asymmetry of these lines arises from the variations of spectral density of the autoionizing states and the overlap integral from the initial bound state [12] .
As is well known, multistep ICE is an important technique for studying autoionizing Rydberg states. It is perhaps the best approach for producing the double Rydberg states of atoms [13] , which is related to the basic threebody Coulomb problem. Also, dielectronic recombination, an important energy-loss mechanism in plasmas, can be studied by this technique [14] . Recently, sudden ICE by femtosecond laser pulses has been employed for studying the evolution and decay of autoionizing states in the time domain [15] . Our experiment is the first demonstration of the application of multiwave mixing to ICE. In contrast to previous ICE experiments, where populations of autoionizing states are probed, resonant 2n-wave mixing is a type of coherent laser spectroscopy, which involves coherence between the ground and autoionizing Rydberg states. As a result, it is possible to investigate dephasing of this coherence. Moreover, resonant 2n-wave mixing can be performed in vapor cells so the effects of collision with buffer gases can be readily studied.
In addition to highly excited atomic states, another possible field of study is states with high angular momentum. This is because, due to the selection rule, states with angular momentum L n can be excited through n-photon resonant excitation if the ground state has L 0. Our method also provides a new approach for other relevant fields. For example, we can extend our method to the time-domain region. As in the case of the relation between two-photon resonant FWM and the trilevel echo [3, 17] , it is possible to develop various types of echoes relevant to the n-photon resonant 2n-wave mixing by employing a pulse sequence. Also, a new type of AutlerTownes spectroscopy can be developed if a strong coupling field is applied to drive the transition between jni and an additional state jn 1i, so that the 2n-wave mixing spectrum exhibits an Autler-Townes splitting [5] . This technique provides a spectroscopic tool for measuring the transition dipole moment between states jni and jn 1i. Finally, if beam 2 of frequency ! 2 is a strong field, then our method is related to the electromagnetically induced transparency based wave mixing, which has attracted much attention in recent years [18] .
Let us now consider the technical advantages of resonant 2n-wave mixing. First, the technique is Doppler-free when the incident lasers have narrow bandwidths, because if ! 1 is within the Doppler profile of the transition from j0i to j1i, then only atoms in a specific velocity group will contribute to the signal. Second, since the phase-conjugate geometry is adopted, phase matching can be achieved for a very wide frequency range, as shown in Figs. 3(a) and 3(b) , and the optical alignment is relatively simple. Third, the generation of the wave mixing signal is very efficient because all the transitions are in resonance. Finally, compared to the method of detecting fluorescence from excited states [19] , our scheme is still realizable even when states j2i to jni have long radiative lifetimes so that direct detection of the fluorescence is difficult. This is because transitions between these states are driven by lasers, and so long as j1i to j0i is a strongly coupled transition, the wavemixing signal can be emitted via this strong transition [see Fig. 1(a) ].
In conclusion, we have proposed a generalized 2n-wave mixing scheme, where a phase-matching geometry allows us to isolate higher-order wave mixing. As a new type of coherent laser spectroscopy this method provides information about the relaxation of high-order atomic coherence and so is particularly suitable for studying highly excited atomic states or states with high angular momentum.
